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Excellent solutions were received from PS. BERIi, J A. CALDERHEAD, LEONARD E, DICK- 
SON, H. C. WHITAKER, J. F. W. 8CHEFFER, SETH PRATT, A. H. BELL, and J. R. BALDWIN. 

12. Proposed by Professor J. P- W. SCHEFFER, A- M. Hagerstown, Maryland. 

Let OA and OB represent two variable conjugate semi-diameters of the ellipse 

V s v 2 

^— + r— =1. On the chord AB as a side described an equilateral triangle ABC. 

a 8 o 2 

Find the locus of C. 

Solution by the PROPOSES. 

OD=x, CD=y, <*BOF=t, ^AOE=X, ^ 
(60°+/S)+ OB sin 4=A£am(60°+/3) + OB sin <*= 
AB(is/S cos 0+1 sin ft)+OB sin 0. . . . (1). 

*= <Z5 cos ^-^C'sin (60° + /*)= OB cos <#- 
Affcos(6O°+/?)=6>i?cos0-Ji?(icos/?-£i/3 sin 
/#)... .(2). But ABsin p=AE-BF=AOsml-OB 
sm$,AB cos 0=OF+OF=AO cos A. + 02? cos <*. 

Substituting these in (1 ) and (2), we have 
y=iAO(x/3cos\+sin\)+iOB(^/3co$<t>+fim<t>)..(3). 

x=\AO{\/3 sin A.— cos A) + £6>2?(cos <* — ,/3 sin (j>) (4). 

But by the well-known relation of conjugate diameters, 




AO* = 



« 8 J 8 



a* sin 8 $+0* cos 8 <4 



Bo* = 



a* sin 8 A.+£ 8 cos 8 A. a 8 sin 8 <f>+b s cos 8 «5 
« 2 5 2 ... fl 2 COS<* 



, for tan <j> tan A = - 



« 2 sin 8 0+6 8 cos 8 <j> 



, sinA= 



(a 4 sin 8 <t>+b 4 cos 8 <^)J ' 
cos A=- 



rt 2 sin ^ 



(a 4 sin 8 <j>+b* cos 8 ^)1 ' 
Substituting in (3) and (4) we obtain after some easy reductions: 
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_ (< H/3+5)(« sin <j>+h cos <j>) , _t (a+by'3)(5cos <!>— a sin ^) 
y 2(a 2 sin 3 <t>+b* cos 2 #ji * 2(a 2 sin* tfS+J 8 cos 8 <£)* ' 

Squaring and adding these two equations we have 

,i , ,„■,<. +■; — , 1 ,o,t =^r or the equation of the required locus. 
(6+ay3) J (a+<v3) 2 2 ^ 

Also solved In a very excellent manner by Professors ALFRED HUME and G. B. M. ZEBR. 

13. Proposed by HENRY HBATON, M. S-, Atlantic, Iowa. 

Tiough two given points to pass four spherical surfaces tangent to two given 
spheres. 

I. Solution by the PROPOSER. 

On lines through the external center of similitude and the given points, 
two other points may be found through which the spherical surface must pass 
if the given spheres are tangent to it either both externally or both internally. 

These points are found in a manner exactly similar to that in which 
the point Ute found in the solution to problem 14. A circle will pass through 
the four points, which is evidently the circle in which the plane of the two lines 
through the points cuts the required spherical surface or surfaces. 

If a plane be passed through the center of either of the given spheres 
and that of either of the required spherical surfaces it will pass through the 
the point of tangency and the section will be great circles of the two spheres 
tangent to each other. It will cut tne circle through the four points in two 
other points. 

Hence if we pass a plane through the center of either of the given 
spheres and through the center of the circle through the points and perpen- 
dicular to its plane, the section will be a great circle of the given sphere and 
two points of the circle. Circles through these two points tangent to the cir- 
cle thus found, will be great circles of two of the required spherical surfaces. 
The spherical surfaces through these great circles, will be those to which the 
two given spheres are tangent either both externally or both internally. 

The other two spherical surfaces may be found in a manner exactly 
similar by taking points on lines through the internal center of similitude. 

II Solution by H. 0. WHITAKHR, B. S., M E., Professor of Mathematios, Manual Training 
School. Philadelphia, Pennsylvania. 

Let the equation of the required sphere be 

(x-l) i ^(y-m) Ss + {z-nY-R i =0. 
Then we have using the first condition 

{a,-lY + {b,-mY + {c l -nY-(R±r l ) i =0. 
And also by using the second condition 

(a l -Z) i +(i f -»o , + (ei-*) , -(i? ± » , i) , -o. 

And also by using the third condition 

(« 1 -Z) 2 -f(y 2 -;w,) 8 + (2 2 -«) 2 -^ s =0. 
And also by using the fourth condition 

{x. 2 -lY + (y 2 m) 2 -f(g s -n) 2 -i? 2 = 0. 



